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At 300 sec after a simulated Earth re-entry, the cover panels on
opposite sides and between ribs 9 and 10 are heated symmetri-
cally to the temperatures depicted in Fig. 2. As with many of
the major general-purpose finite element programs employed,
such as those described in Refs. 3-5, each element may be
assigned only a single temperature and yields only an average
thermal stress for the entire panel. However, as will be shown for
the subject problem, average stress results for the associated
thermal gradients are entirely unacceptable.

The finite element spanwise strains computed at the panel
edges and midpoints of the section in question, compared with
those obtained using classical beam theory (plane sections remain
plane) were found to be in excellent agreement. Use of beam
theory, for comparison purposes, appears justified for the cross
section in question, as it is located reasonably outboard from the
fin’s root attachment section.

The corresponding finite element average membrane stresses
calculated by the method presented in Ref. 6, when compared
to their beam-theory counterparts, are found to mask critical
stress variations within a given element (see Fig. 3). It should be
noted that Webber,” working with uniform and variable tem-
perature plate membrane elements, came to a similar conclusion.
He found that deflections caused by heating were “acceptable”
but “special attention” was necessary for “interpolation of the
stresses, which could deviate considerably from the true stress
state.” As may be seen, however, the corresponding stresses com-
puted by the proposed modified approach, also shown in Fig. 3,
agree quite well with the beam-theory-based results. The thermal
stresses in the chordwise direction are negligible because the
cover corrugations permit free thermal straining.

While it may be argued that the uniform temperature elements
used in this example are too “primitive,” the point is made that
the proposed method intrinsically yields more accurate stresses
than the conventional approach, regardless of how sophisticated
the element employed is.

Conclusions and Recommendations

It has been shown by means of a specific example and through
general reasoning {Eqs: (1-5)], that the strains which occur as a
result of structural heating are less sensitive to local temperature
variations than their corresponding thermally induced stresses.
Based upon this observation, an improvement over the conven-
tional method for determining thermal stresses employing finite
element procedures has been suggested. The technique proposed
is equally applicable to a variety of approximate numerical
procedures based upon a displacement formulation such as finite
differences and other Ritz-type methods. However, the develop-
ment and example treated have been based upon the finite
element method, which is in popular usage because of its
flexibility "and efficiency in treating complex engineering
structures.

Unfortunately, as of this writing, general structural analysis
programs such as those described in Refs. 3-5 and 8 do not
explicitly output corner or average strains. Thus, implementation
of the proposed approach is, at best, awkward. Therefore, it is
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Fig.3 TImproved finite element fin cover stresses between ribs 9 and 10
vs beam theory and average finite element stresses.
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recommended that such programs be extended to provide a
strain print-out option to facilitate the calculation of more
accurate thermal stresses.
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Shock Tube for Generating Weak
Shock Waves

W. GAREN,* R. SYNOFZIK,* AND A. FROHNT
Technische Hochschule Aachen, Germany

HE purpose of the present Note is to introduce a new
pneumatic valve which can be used to replace the diaphragm
of a conventional shock tube. This device which can be opened
practically independently of the pressure difference between
driver gas and test gas is particularly useful for generating weak
shock waves.
The principle of this device is shown in Fig. 1. The end of
tube A is shut off by a rubber disk R. By increasing the
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Fig. 1 Principle of pneumatic device.
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Fig. 2 Shock tube with pneumatic device.

pressure p; the initially plane rubber disk bulges and finally pro-
vides a vacuum tight seal for tube B (Fig. 1b). During this
operation valve V is open so that always p. = p, and breaking
of the diaphragm D is avoided. In order to open tube B very fast
one has to lower the pressure p, suddenly. This can be done
conveniently by lowering the pressure p¢ in chamber C by means
of a mechanical vacuum pump until the pressure difference
pa—Dpc 1s sufficient to break the diaphragm D. In Fig. 2 it is
shown how the pneumatic device is used to replace the dia-
phragm of a shock tube. It is assumed that all chambers are
evacuated at the beginning of an experiment. By raising
simultaneously the pressures p, and pe a vacuum tight seal is
obtained between the low-pressure section B and the high
pressure section F of the shock tube. After admission of driver
gas and test gas the pressure p. is lowered with a mechanical
pump until the diaphragm breaks spontaneously. After rupture
of the diaphragm expansion waves travel into chamber A and
the rubber sheet is pulled back. In the present Note the diameter
of tube A was 5 cm.

The pneumatic device has been tested in combination with
two shock tubes. The first shock tube had a square cross section
with inner dimensions of 1.8 cmx 1.8 cm. The second shock
tube had a circular cross section with an inner diameter of 3.6 cm.
The length of the low pressure section was 2.39 m for the first
tube and 3.48 m for the second tube. The rubber sheet had a
thickness of 2 mm. Hostaphan] sheet with a thickness of
50> 107 mm has been used as diaphragm. Using two laser
beams and phototransistors as light detectors, it has been found
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Fig. 3 Transmitted current of electron beam for shock wave in argon:
M = 1.7, initial pressure p; = 3.5 x 10 ' torr (argon), driver pressure
pr =40 torr (argom), vertical scale 10 mv/cm, horizontal scale
20 x 10~ sec/cm. First rise: shock wave, second rise: contact surface.

1 Producer: Kalle AG, Germany.

TECHNICAL NOTES 1133

? 10
T i
1 o
10
10'2 Loigad i iar) Ll .
162 10 1 10 10°
X

Fig. 4 Dimensionless test time 7 as a function of dimensionless

distance X. Line is theoretical result given by Eq. (1). Open points:

shock tube with cross section of 1.8 cm x 1.8 cm; closed points: shock
tube with circular cross section 3.6 cm.

that 460 x 10~ ¢ sec were needed to remove the rubber sheet
17 mm from the end of tube B. The speed of the shock wave was
measured with glow discharge probes.! Electron beam ab-
sorption measurements have been performed with an electron
gun and a Faraday cage as detector for the transmitted current.?
The electron gun has been calibrated by varying the pressure
in the low-pressure section under stationary conditions. In Fig. 3
an oscilloscope record of the transmitted electron current is
shown for a shock wave in argon. The first steep rise on the
oscillogram is caused by the shock front. The slow density
increase behind the shock front is due to the boundary-layer
growth which is appreciable because of the low test gas
pressures used in the present work. The second steep density rise
is interpreted as contact surface. In order to establish this, the
experimental results of the time between shock front and contact
surface are compared with Mirels’ theoretical results® for the
test time in low-pressure shock tubes. The dimensionless test time
T = 1,Ma,/l,, has been plotted in Fig. 4 against the dimension-
less distance X = (T+x/l,) p./p>. Here a, is the velocity of
sound ahead of the shock, /, the asymptotic length of the test
gas column as given by Fig. 6 of Ref. 3, X is the distance
between the diaphragm and the test section, and p,/p, is the
density ratio across the shock. According to Ref. 3, the relation
between X and 7 is given with sufficient accuracy by
X=2[-In(1-TYV% T3 Q)
which relation is also plotted in Fig. 4. The agreement between
experiment and theory is close enough to make the interpretation
of the oscillogram acceptable. .
In order to show that the first steep density rise on the
oscillogram is really a shock wave and not just a compression
vave the maximum slope thickness of the density profile has
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Fig.5 Reciprocal maximum slope shock wave thickness nondimension-
alized with mean free path | ahead of the shock as a function of shock
Mach number M. Closed points: experimental results in the circular
cross section tube of the present note; lines 1 and 2 theoretical results
of Ref. 4 for Navier-Stokes equations (1) and bimodal Mott-Smith theory
(2); shaded region: location of experimental results presented in Ref. 4.
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been evaluated. The maximum slope thickness L is obtained
from the relation

L =(p2— p)/dp/dx)max 2
where p, is the density ahead of the shock, p, the density behind
the shock and (dp/dx)ma. the maximum slope of the density
profile. The density p, is given by the Rankine-Hugoniot con-
ditions. In Fig. 5 the experimental results for the reciprocal shock
wave thickness are shown as a function of the shock Mach
number M together with theoretical results based on the Navier-
Stokes equations (curve 1) and on Mott-Smith’s bimodal theory
(curve 2). Both curves have been taken from Linzer and Hornig’s
paper (curves 1 and 2a in Fig. 4 of Ref. 4). The shaded region
represents the location of experimental results obtained by
Talbot®-% and Sherman with a free-molecule probe and by Linzer
and Hornig* with the optical reflectivity method. It can be seen
from Fig. 5 that the present experiments are in agreement with
these experimental results.

During the test runs with the new device a few experiments
have been made with a driver pressure of 1 atm and a test gas
pressure of 0.1 torr. In this case the pressure difference between
high-pressure section and low-pressure section was high enough.
to break a diaphragm of hostaphan sheet. It was therefore for
these conditions possible to start the shock tube fiow once with
the conventional diaphragm technique and the next time with the
pneumatic valve. The density histories obtained with both
methods were practically identical. ]

The main advantages of the instrument which has been de-
scribed may be summarized as follows:

1) The new device opens practically independently of the
pressure difference between driver section and driven section. It
becomes therefore possible to use very low driver pressures in
order to obtain low shock Mach numbers.

2) The device can be opened always at exactly the same
driver pressure. This means that a very good reproduction of the
state of the shocked gas is possible.

3) One can always use the same gas as test gas and as driver
gas because the desired shock Mach number can be adjusted with
the driver pressure. This means that the driver section delivers
no foreign gas into the test section during a run. The pressure
increase by a shot was only a few torr in our shock tube because
of the low driver pressures and the dumping tank with a volume
of 1200 liter so that preparing the shock tube for the next run
consisted in lowering the pressure in the driven section by a few
torr and admitting the driver gas. The auxiliary diaphragm D
can be exchanged very fast, because there are no particular
vacuum requirements for chambers A and B. With the shock
tube described here it was possible to make a run every 2 min.
An additional advantage of the low driver pressures which could
be used here was the reduction of the gas flow from the shock
tube into the electron gun. As a consequence the lifetime of the
cathode was appreciably increased.

4) The instrument may be very useful for the investigation
of relaxation effects in weak shock waves which occur in the
atmosphere as sonic bangs.”
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Introduction

HE present work may be considered as a sequel to earlier

work! ™% where a method for a large class of boundary value
problems associated with the bending, buckling and vibration
analysis of elastic plates and membranes of arbitrary shape was
developed. These papers introduced the concept of “Lines of
Equal Deflection,” i.e., contour lines which are obtained by
intersecting the bent plate by planes parallel to the original plane
of the plate. The present Note deals with the same method as
applied to shallow shells with small deflections. Many of the
considerations reported in this Note are treated in greater detail
in the thesis of Jones.® As an illustration of the method, a
technically interesting example of a shallow elliptical dome is
examined.

An Account of the Method

Consider an elastic isotropic shallow shell of thickness 4 subject
to a continuously distributed normal load. Let the equation of the
middle surface of the shell referred to a system of orthogonal
coordinates xyz be given by

z=x*/2R, + xy/R,, + ¥*/2R, (1)
When the shell is acted upon by a transverse load g(x, y) then
the intersections between the deflected surface and the parallels
z = const yield contours which after projection onto the z =0
surface are the level curves called the Lines of Equal Deflection.
Denote the family of such curves by u(x,y)= const. If the
boundary of the shell is subjected to any combination of clamping
and simple support, then clearly the boundary will belong to the
family of lines of equal deflection and without loss in generality
we may consider that u = 0 on the boundary. It is clear that the
lines of equal deflection form a system of nonintersecting closed
curves starting from the closed boundary as one of the lines.

Consider the equilibrium of an element of the shell bounded
by any contour line of constant deflection. The conditions for the
equilibrium of an element of the shell require that the sum of the
moments about the tangent line at any point to the curve
u(x, y) = const of all the forces acting on the element, and the
sum of all the forces normal to the plane z =0 to vanish.
Therefore proceeding exactly the same way as in Ref. 1, we obtain

YM = no-ﬂgM,,ndsﬁ—no-agV,,rads -

N, N, 2N, ~
n, ”[q R R R erQ—O ?)

¥y Xy

ZZ:SQV,,ds—[j[q—%—%—if”jldﬂ:O 3)

Xy
where (x,,y,) is a fixed point on the line u = const, n and n,
denote the unit vectors normal to this line at any arbitrary point
(x,y) and at the fixed point (x,, y,), respectively, r and r, denote
the position vectors from the fixed point (x,, y,) to any arbitrary
point inside the contour and on the contour, respectively.

and
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